The nonlinear Helmholtz equation is solved using the lattice-Boltzmann technique, for a d2q9 lattice velocity scheme. The method is based on to define strategically the first and second moment of the distribution function. Also, we use the tanh-sech method, finding several families of solutions. We present results for two solitary wave solutions provided by sech-tanh method.
Introduction
Nonlinear Helmholtz equation (NHEq), arise in research fields like acoustics [1] , wave propagation in dispersive spatially nonlinear media [2] , optics [3] , quantum mechanics [4] . This equation is the responsible and the main source of a new and surprising dynamics. A very interesting and power tools have been developed in order to solve NHEq, [5] - [7] . Equally important, the so called solitary wave solutions have opened avenues of new and very important research. Among those new methods we use the tanh [8] , and a variation of it the sech-tanh method [9] .
On the other hand, the use of the lattice Boltzmann technique has become in a very important tool in the last two decades. For instance, magnetohydrodynamics [10] and particle suspensions [11] , have been a clear examples of the versatility of this technique. This paper proposes a new solution of the nonlinear Helmholtz equation using Lattice Boltzmann and sech-tanh methods. In section (2), we present the basic set of equations of the Boltzmann technique and the momnets of the equilibrium distribution function, section (3), based on the d2q9 velocity scheme. After, section (4), we get the NHEq according to LB method. In section (5), we apply the sech-tanh method to NHEq. In section (6), we present results and conclusions.
The lattice Boltzmann model
The lattice Boltzmann equation is given by:
where f i ( x, t) is the distribution function for particles with velocity e i at position x and time t, and ∆t is the time step. The equilibrium distribution is given by f eq i ( x, t) and τ is a nondimensional relaxation time, [12] . Expanding the distribution functions and the time and space derivatives, we get:
The substitution of this expansion eqs. (2-5) into eq. (1) offers, at first and second order in , we obtain at first order:
At second order:
And third order:
Using some algebra in eqs. (6) and (7), we obtain:
3 The Moments of the Distribution Doing the next definitions for f i , we define the macroscopic quantities as:
Also we assume the distribution function f i satisfy the probability conservation condition with the equilibrium distribution f eq i , such that:
Doing some algebra in eqs. (7) and (8), we get:
Assuming the tensor Π (0) as a second order temporal derivative diagonal components, we have: Figure 1 : The lattice velocities of the D2Q9 lattice.
replacing eq. (17) in equation (16), we obtain:
Taking the divergence in eq. (8)
Using eq. (15), we get:
Assuming the parentheses equal zero, we get the nonlinear Helmhöltz equation
4 The equilibrium distribution function and d2q9 scheme.
We use the d2q9 scheme shown in fig. (1) , for the directions v i and weights w i on each cell: 
Both, directions v i and weights w i , follow the next relations:
Also, we assume the equilibrium distribution function
From eqs. (10) (11) (12) (13) and (23) we find:
And
The equilibrium distribution function that satisfies the nonlinear Helmholtz equation is
We begin supposing n(ρ) = n 0 ρ + n 1 ρ 2 , [13] - [14] . Then, we have:
Using the transformation
In two dimensions
And using the next solution
Where A i and B i are constants to be determined equating the highest-order nonlinear term and the highest-order linear partial derivative. Therefore, we compare ρ 3 and d 2 ρ dξ 2 , which gives n = 1. Then:
Replacing and grouping in coefficients of sech(x), sech(x)tanh 2 (x), sech 3 (x), tanh(x)sech 2 (x) and tanh(ξ), we have:
Doing some algebra, the family solutions, ρ i , are: 
Conclusions
We solve the nonlinear Helmhöltz equation in two dimensions using the sechtanh and the lattice-Boltzamnn methods. We present results in fig. (2) for a given two-intial functions given by eq. (33). We found twelve families of solutions using sech-tanh method. So, the solutions are:
ρ(x, y) i = A 1,i sech(x + y) + B 1,i tanh(x + y)
